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Abstract

The quasi-steady hydrodynamic Stokes drag force and torque exerted on each of N non-identical
particles immersed in a general quadratic undisturbed flow field at infinity is analytically investigated.
Explicit results are given for the case of two spherical particles. In particular, expressions are obtained
for these forces and torques in terms of: (1) the linear and angular velocities of each of the particles
together with the local shear rate of the quadratic flow, all evaluated at the center of volume of the two-
sphere system; and (2) the position-independent triadic shear-rate gradient characterizing the
undisturbed quadratic flow field. These tensorial (matrix) formulas, obtained by the method of
reflections for the intrinsic Stokes resistance coefficients for each of the spheres, are expressed
nondimensionally in terms of the respective sphere radii, the center-to-center distance 2H between
spheres, a unit vector e lying along the line-of-centers, and a characteristic length-scale R, of the
undisturbed quadratic flow field — typically the radius of a tube bounding an axisymmetric Poiseuille
flow in which the two spheres are suspended. The reflection scheme is accurate within an error of
O[(r/H )“(}*/Ro)ﬂ], wherein o+ f<6 and in which r is a characteristic sphere radius. The respective
translational velocities of the two spheres are derived for the particular case where each is freely
suspended in an unbounded Poiseuille flow (i.e., wall effects are neglected). It is shown in this case that
a net radial motion of the pair of neutrally buoyant spheres ensues across the undisturbed streamlines as
a consequence of the quadratic nature of the flow field (coupled with the interparticle hydrodynamic
interaction). The direction of net migration calculated for the two spheres is from low to high shear
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rates. This contrasts with shear-induced migration phenomena observed in concentrated suspensions
subjected to inhomogeneous shearing flows, where the direction of particle migration is from high to low
shear rates. The two opposing effects acting in concert may help explain how a steady-state radial
particle concentration distribution can be achieved for suspensions of non-Brownian particles. © 1999
Elsevier Science Ltd. All rights reserved.

Keywords: Low Reynolds number hydrodynamics; Hydrodynamic interaction of particles; Particulate Stokes flow

1. Introduction

Much attention has been focused in recent years on the behavior of suspensions subjected to
inhomogeneous shear flows, and in particular on shear-induced, cross-streamline particle
migration phenomena. Experimental measurements by Karnis et al. (1966) revealed that
(neutrally-buoyant particle) velocity profiles in dense two-phase flows differ markedly from
those observed for single-phase flows, even at very small Reynolds numbers. Eckstein et al.
(1977) and later Leighton and Acrivos (1987a, 1987b) introduced the kinematical notion of a
shear-induced particulate self-diffusivity coefficient in an attempt to quantify the observed
cross-streamline migration phenomena. Gadala-Maria and Acrivos (1980) observed that
viscous resuspension of the particles occurred during the course of their measurements of the
rheological properties of suspensions of coal particles, a fact that could possibly rationalize
otherwise unexplained rheological differences observed during comparable homogeneous shear
flow experiments performed on these same suspensions. Enhanced experiments were later
carried out by others, including Koh et al. (1994), Averbakh et al. (1997), and Shauly et al.
(1997) using laser-Doppler velocimetry. Their reports provide rich and detailed data on velocity
profiles and local particle concentration distributions in suspensions, thereby furnishing explicit
visual evidence of the lateral migration phenomena whose existence was only implicitly inferred
in prior work. Again, non-uniform radial particle concentration profiles were attributed to
shear-induced lateral migration phenomena.

Various mechanisms have been postulated attempting to explain why — at low Reynolds
numbers, where Segre—Silberberg-type inertial effects are absent — freely suspended particles
migrate across the streamlines of the ‘undisturbed’ flow, a phenomenon that is impossible for a
single, freely suspended sphere, even in the presence of wall effects (Happel and Brenner, 1983).
It is now well accepted that hydrodynamic interactions among the suspended particles
constitutes the most likely mechanism responsible for the phenomenon of radial migration.

Since analytical solutions of multiparticle Stokes-flow problems are intractable, three basic
approaches have been used in theoretical attempts to quantify the observed phenomena: (1)
analytical/numerical approaches towards solving the underlying multiparticle hydrodynamic
equations, such as Stokesian dynamics (Brady, 1988). In addition, related techniques (e.g.,
Hassonjee et al., 1988, 1992; Brenner et al., 1990; Kim and Karrila, 1991; Chang and Powell,
1993; Nott and Brady, 1994) have been employed, wherein the individual motions of a large
number of suspended particles were followed using either collocation methods or boundary
integrals. However, because of the use of spatially-periodic boundary conditions or cell models
in these approaches, such schemes appear ill suited to treating unbounded inhomogeneous flow
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problems of the present type; (2) a second purely phenomenological, kinematical approach,
employed by Leighton and Acrivos (1987b), Phillips et al. (1992), and others, proved to be
quite successful in reproducing many of the features observed during narrow-gap Couette
experiments (Acrivos et al., 1993). The scheme involves introducing an empirical shear-induced
self-diffusion coefficient based on scaling arguments, subsequently using available experimental
data to quantify the appropriate parameters appearing in their phenomenological description;
(3) the third approach, which is applicable to the entire class of multiparticle Stokes-flow
problems, uses degenerate microscale models of local particle conformations in suspensions to
approach analytically this class of hydrodynamic interaction problems. The latter schemes aim
to encapsulate the primary effects arising from hydrodynamic interactions between a small
number of particles, while remaining sufficiently simple in scope to be handled analytically in
many cases. Results obtained using this in-depth view of systems containing a small number of
interacting particles provide a rational vehicle for deriving the macroscopic properties of
suspensions, at least in the dilute particle limit. It enables one to predict not only the self-
diffusion phenomena in cases where the shear rate is spatially uniform, but also enables
calculating the effects of varying concentrations on radial migration (termed transverse, shear-
induced, gradient diffusion). Spatially periodic as well as two- or three-body configurations
were studied. For example, Zuzovski et al. (1983) and Adler et al. (1985) used a spatially-
periodic model to obtain the rheological properties of suspensions. Batchelor (1972) used two-
body interactions to calculate the sedimentation velocity of a dilute suspension of rigid non-
neutrally-buoyant spherical particles, whereas Batchelor and Green (1972b) employed two-
body interactions to calculate the rheological properties of dilute suspensions. Haber et al.
(1990) used two-body interactions to derive the dispersion coefficient of a dilute suspension of
flexible dumb-bells. Wang et al. (1998) invoked three-body interactions to calculate radial
particle diffusivities in dilute suspensions undergoing shear. Many other applications of the
general philosophy embodied in (3) exist in the literature.

As indicated above, the mainstay of past analytical investigations of dilute suspensions has
involved taking account of the hydrodynamic interactions between two or three rigid spheres,
suspended either in quiescent fluids or in fluids undergoing simple shear flow. Several of these
were investigated analytically, either exactly via use of bipolar coordinates or approximately by
the method of reflections. Other schemes utilized purely numerical methods, such as
collocations or boundary integrals. Stimson and Jeffery (1926) were the first to obtain an
analytical expression for the drag force exerted on two identical spheres moving along their
line-of-centers through a quiescent fluid. Brenner and O’Neill (1972) as well as Batchelor and
Green (1972a) calculated the hydrodynamic interactions between two identical spheres in linear
shear flows. Jeffrey and Onishi (1984) derived the hydrodynamic interactions between two
moving non-identical spheres. Kim (1987) calculated three-body interactions. Jeffrey (1992)
obtained the resistance matrices for two unequal spheres immersed in a general homogeneous
shear flow. Most recently, Cichocki et al. (1994) obtained the drag forces exerted on a large
number of spherical particles comprising part of a suspension. Although a vast number of such
theoretical studies exist for two or three spheres immersed in either quiescent or
homogeneously-sheared fluids, to the best of our knowledge no analytical results exist for the
case of two spheres undergoing inhomogeneous shear flow, particularly quadratic flows.
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Motivation for studying the latter classes of flows is provided by ongoing interest in seeking a
rational explanation of lateral migration phenomena.

Wang et al. (1998), who investigated three-body systems, proved that two-body interactions
in simple shear flow fail to predict transverse shear-induced gradient diffusion. It has not been
investigated, however, whether a two-body system immersed in an inhomogeneous shear flow,
e.g., a quadratic flow, can give rise to permanent lateral migration and, hence, to transverse
‘diffusion.” It is well known (see e.g., Happel and Brenner, 1983) that in the absence of true
wall effects (the center of) a single, freely suspended sphere adopts the undisturbed local fluid
velocity in its proximity in a simple shear flow, but lags behind the local Poiseuille parabolic
velocity in the quadratic flow occurring in a circular tube. In neither case, does such an
isolated sphere undergo radial migration, a conclusion which applies even when true wall
effects are taken into account.

The objective of this paper is to broadly outline a generic approach to two-sphere
hydrodynamic interaction problems in inhomogeneous flow fields — more specifically to
investigate the effect of gemeral quadratic flows on the motions of each of two neutrally
buoyant spheres in the quasi-static Stokes flow regime. Initially, we develop a general theory
for the hydrodynamic forces and torques on an N-sphere system in a quadratic flow field at
infinity when each of the spheres translates and rotates with arbitrarily prescribed velocities.
From this analysis, we show how to extract the contribution of the quadratic flow to the
intrinsic hydrodynamic resistance coefficients from the far simpler boundary-value problem,
wherein one of the spheres moves through an otherwise quiescent fluid, i.e., one in which the
fluid at infinity is at rest as too are the other spheres. As a special case the hydrodynamic
resistance tensors are calculated for two spheres immersed in a general quadratic flow. We then
examine whether the hydrodynamic drag forces exerted on two-freely suspended spheres in an
unbounded Poiseuille flow will result in permanent lateral migration of the pair, albeit in the
absence of wall effects. The results thereby obtained are expected to facilitate better
understanding of the mechanisms contributing to shear-induced gradient diffusion phenomena.

2. Statement of the problem

Consider N non-identical rigid spherical particles of respective radii r; (/=1,...,N)
suspended in an incompressible fluid of viscosity u which is subjected to a general unbounded
quadratic flow field v®°. The position vector of the center R%/ of the Ith particle is measured
from an arbitrary reference point O fixed in the fluid. The center of the /th particle moves
instantaneously with velocity V!, while the particle rotates with angular velocity Q. The
undisturbed fluid velocity field measured with respect to an origin situated at O by an observer
at rest is given by the general expression

v =v? + 0% x x% + 89 .x% + Ex%x°, (1)
where the radius vector x? is measured from O. We have no need for the corresponding

pressure field p>°. The undisturbed approach velocity v, angular velocity @, and shear-rate
dyadic S9 are all evaluated at O. Each depends upon the location of O. However, the shear-
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rate gradient triadic E is a constant of the flow field, independent of location. With no loss of
generality, SO is symmetric and Ej; = Ejy;. (Henceforth, majuscule /1, J, K superscripts will be
used to refer to the particle number and minuscule indices i, j, kK to tensorial components.
Einstein’s summation convention applies to the latter.) Since v* is a solenoidal field, S¢ =0
and E;;; = 0. Obviously, at a different reference point, say P, v*, o’ and S’ can easily be
evaluated for a given vector displacement a®” from O to P:

VP — VO 4+ (1)0 % aOP 4 SO . aOP +E130P30P, (28)
1

wP=w0+§s:[E-a0P—(E~aOP)T], (2b)

S? =S% + [E-a% + (E-a%P)"]. (2¢)

Here, ¢ is the permutation triadic, and (-)T is the RHS transposition operator. Obviously, for
homogeneous shear fields, @ and S are independent of location, since E = 0.

Assuming creeping flow, the flow field in the presence of the spheres is governed by Stokes
equations of motion:

Vv = Vp, V.v=0, 3)
subject to the no-slip velocity conditions on all particle boundaries:
v=V 4+ Q' xx! onall S’ I=12,...,N), (4)

where 39S’ denotes the boundary of the Ith sphere and x’ is the radius vector measured from
the center of particle I. As |x|]—oo the disturbance velocity generated by the motion of the
particles vanishes, whence v—v*°.

We seek to obtain expressions for the drag forces and torques exerted on each of the
individual N spheres in terms of the translational and angular velocities of all of the spheres
plus the undisturbed shear rate and shear-rate gradient. This information will subsequently
enable us to obtain explicit results for the respective Stokes resistance tensors in the case of
two-spheres immersed in a gemeral quadratic flow. In turn, this will eventually furnish the
translational and angular velocities of a pair of freely suspended spheres in an axisymmetric
Poiseuille flow.

3. Analysis and results
3.1. N-particle system

Define a disturbance velocity field u and accompanying pressure field ¢ as
v=v +4u  p=pT+gq. )

Obviously, the fields (u, ¢) are governed by the Stokes equations, vanish at infinity, and satisfy
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the respective boundary conditions
=V —v) 4+ (@ — ) xx! =8 - x' —Exx! on 39S’ I=1,2,....N). (6)

Note that v* appearing above is not expressed in terms of a single, fluid-fixed, reference point,
but is, rather, expressed in terms of respective reference points permanently fixed in each of the
particles (from which points the respective position vectors x’ are measured). That is, in the
explicit expression (6) for the boundary condition on the surface of the Ith sphere, the
pertinent reference point lies at the center of that sphere. Thus, S, v/ and @’ are the respective
shear rate, translational and angular velocities of the undisturbed velocity field evaluated at the
center of the Ith sphere. These velocities are, of course, known for a given instantaneous
configuration of the N-particle system when the undisturbed flow field is specified. Due to the
fact that S changes with location, the solution scheme used here represents a modification of
that utilized by Brenner and O’Neill (1972) to derive the Stokes resistance tensors for
multiparticle systems subjected to /inear (i.e., homogeneous) shear fields.

Owing to linearity, the solution for (u, ¢) can be expressed as the sum

u= Zul, q:,quI, (7

where each of the fields (u’,q’) is governed by the Stokes equations (3) (with u = 1), vanish at
infinity, and satisfy the following boundary conditions:

=V —v) 4+ (@ — ) xx! =8 - x' —Exx’ on 35’ (8a)
and
w/'=0 onall 387 (J#I). (8b)

Again, owing to the linearity of the Stokes equations, the general solution for the (u’,q’) fields
and the corresponding stress fields n/ is

ul = U (V=) + U (@ - o) + USLSh + UL, (9a)
¢ =0/ (Vi) + 0% (2 — o) + OISk + Ofi B, (9b)
= 11(V ] = v!) + 8 = o)) + I35,k + T B, (%)

where the tensor fields (U"7,Q"7), (U¥,Q%), (US,Q%T), (U¥ ,QF) satisfy Stokes equations:

277 VI Vi Vi
Ul Q" aU)
iy _ J by _ 0.
- b - b (
i 0 10a)
ax,-

0X,,0X 0X;
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277Q1 QI QI
UG _an U —

= ox, =0; 10b
R R ax; 0X; ( )
27701 QI Qr
"U _ 00 UG o 100
0X 10X ox; ’ 0x; ’
2
- (10d)
90X 00X ax; ~  0x; ’
and the boundary conditions
vi _ | d; on aS’,
Y =10 on 39S’ (£ |’ (11a)
o1 Xt on 9S8/, .
Y 0 on 3S’ (J#I) (11b)

1
— (5~x’+5»x1) on 95/,
Ust = 2( T R : (11c)

0 on 38’ (J#I)

—S:xTy! I
dixtx! on as,} (11d)

Ul = {0 on 38’ (J#I)

In the foregoing equations, the respective contributions arising from each of the four terms
appearing in Eq. (8a) are separately evaluated and the results superimposed. Thus, for instance,
U" is affected only by the velocity difference V/ — v/ upon setting Q' — w’, S’ and E equal to
zero over 3S’ (and over all other 3S”). The corresponding stress fields are

vt v
Vi Vi ij nj
an/ 5m'Qj + ax, + ox; (12a)

anf N avfj!

QI QI
R (20
avst  Jvst
SI SI ijk n/k
Hm/k —Oni jik 3x, + ax; 5 (12¢)
0 VElgl 0 VEgd
H;%kl mQ/kl . - (124d)

8)(1' '
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Hence, from Egs. (10) and (11), it is obvious that the tensor fields (U"/,Q"".I"7),
(UQI,QQ’,HW), (US],QS’,HS[), and (UF,QF ") depend upon the configuration of the N-
particle system and the respective sphere radii, but not on the fluid viscosity nor on the forcing
terms V! — v/.Q' — ! S" and E.

3.1.1. Hydrodynamic drag forces and torques
The hydrodynamic drag force f/ exerted on particle 7 and the torque t/ about the center of
sphere I are obtained from the total contribution of all stress fields ¥ (K =1,2,...,N):

—MZJ

n-xXds, t’—uZJ x x (n-7nX) ds. (13)
581

oS!

Substituting Eq. (9¢) into Eq. (13) yields

——f’ ZK’K (VK —vK) + DK (QF — 0X) + @'K:SK + FIKE, (14a)
1 ul .

——tl = ZC’K A(VE—vE) 4 LK. (QK — k) 4+ p/K.SK 4 TIKE, (14b)
H K=1

The triple-dot operation in Eq. (14), e.g., F’:E, means that the ith component of the resulting
vector is equal to F/X Ej. The drag resistance tensors K'*,D'*,@'F F/*.C™*L'K p'*, w'K F'*
and T'K are obtained from the stress fields defined in Eq. (12) as:

KiF= —J m,fn,ds,  Dif = —J pKn, dS, (15a)
aS7! 9S7
Plf = — L mykn, dS,  Fifi=— L 5, dS, (15b)
cit= —sim,,J xp, ) 5n, dS, LI = —g,-m,,J x) 525, dS, (15¢)
st St
Pk = —a,-m,,J X dosn, dS, T = sl»m,,J x5S dS. (15d)
’ as! as!

Eq. (14) constitutes the general expression sought for the drag force and the torque exerted
on any sphere in the system. It represents a generalization of the known case (Brenner and
O’Neill, 1972) for linear undisturbed velocity fields, which being linear necessarily possess
spatially uniform angular velocities and shear rates. Clearly, from Egs. (10), (11), (12) and (15),
the drag tensors depend only upon the spatial positions of the centers of the spheres and upon
their radii. It might appear from Eq. (15) that the solutions for all of the velocity and pressure
fields, namely (U"7,Q"7), (U ,Q%), (US,Q%) and (U*/,Q""), are required to calculate the drag
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coefficients. However, this is not so! Rather, upon utilizing the Lorentz reciprocal theorem it
can be shown (Appendix A) that knowledge of the solutions of only the relatively simplest
fields, namely the respective translational and rotational fields (U"7,Q"7) and (U*/,Q%), suffice
to determine all of the drag coefficients.

The resistance tensors possess various symmetry properties. Symmetry attributes of these
tensors for the respective cases of translational and rotational motions, as well as for
homogeneous shear, were addressed by Brenner and O’Neill (1972). Appendix B provides a
short recapitulation of these properties, as well as material on the uniqueness and symmetry
properties of the new resistance tensors F and T arising from the existence of quadratic terms
in the undisturbed fluid velocity field.

3.2. Two-body system

The geometry of a two-sphere system is characterized by the distance 2H between the sphere
centers, their respective radii r; and r,, and the direction of a unit vector e pointing from the
center of particle 1 to that of particle 2. In Eq. (15), it was shown that the resistance tensors
depend only upon system configuration and particle size. Thus, these tensors necessarily
possess tensorial forms expressible solely in terms of e, the isotropic idemtensor I and/or the
permutation tensor &, as well as scalar or pseudoscalar multiples thereof depending only upon
ri,ro and H, such that the various terms appearing in the explicit representations of these
tensors accord with their known symmetry properties and parity (i.e., their true- or pseudo-
tensor properties). Hence,

Kt =k oy + kigeiej, Ly = 1105+ I eie), (162)
Dl[]K = d[KS,-jkek, CII]K = cIKsl-jkek, (]6b)
Dy = P (Sgex + owe;) + P eieier, Wik =P eier + serey), (16¢)
F 1111151 = [ K600 + [ K Syeres + f Koweie; +f g((&kejez + duejer) +f Keiejexer, (16d)
Té‘llgl = tQK(Sijkel + &jrex) + lngSzjm€m5k1 + ZICKSy'memekel- (16e)

The last two expressions are both new. All the tensorial components (lower case letters) are
functions only of H, r; and r,. The k, [, ¢, d, ¢ and  coefficients appearing in Eq. (16) were
implicitly or explicitly calculated by earlier investigators, numerically and/or analytically. The f
and ¢ coeflicients appearing in Eq. (16) are calculated here for the first time (using the method
of reflections; see Appendix C). For the sake of completeness, as well as to establish a common
notation among the known results of prior investigations, analytical expressions for each of the
resistance tensors are provided in Appendix D. Their respective orders of accuracy were chosen
such that subsequent calculations of the migration velocities of the freely suspended spheres in
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quadratic flows (the latter characterized by a length scale Ry) could be consistently obtained up
to O[(r1/H )" (r2/H)P(r1/Ro)'(r2/ Ro)°], in which o + f + 7 + 5<6.

3.2.1. Two spheres freely suspended in quadratic flows

The general solution for two spheres freely suspended in quadratic flows can be obtained
from Eqgs. (14) and (16). Since f/ and t’ each vanish when no external forces or couples act
upon either of the spheres (the neutrally-buoyant case) the four vector equations (14) can be
solved for the ‘slip velocity’ vectors U/ — v/ and @' — @’ (I = 1,2) in terms of the known values
of 8’ and E characterizing the undisturbed field. The resulting 12 scalar linear equations can be
presented in the partitioned matrix (tensor) form:

@1118(1) + ¢12:S(2) + (Fll +F12)E
Kll Dll K12 D12 V(l) _ V(l)

c' L' 2 L2 || QV_oen | | PNSY 4 w28@ 4 (1! 4 T2)E an
K D K? D? || v® _y@ 21.q() 2.q) 21 | 22):
2l 12 2 2 0 _ @ oSV + oS+ (F +F ):E

P28 L w260 4 (T2 L T2)'g
Eq. (17) is of the form R x X =Y, where R is the 12 x 12 LHS grand resistance matrix, X is
the 12 x 1 generalized slip velocity column vector, and Y is the 12 x 1 RHS generalized
undisturbed flow column vector.

The grand resistance matrix R is both positive definite and symmetric (see Appendix B). As
such, its inverse exists. The inverse matrix R~ is a second-rank tensor of 12 dimensions,
possessing a representation which depends only upon scalar or pseudoscalar multiples of the
basic physical directional quantities entering in the problem, namely the unit vector e, the
idemtensor I and permutation tensor &. It can easily be shown that its general form is

Rl 1 P12 R13 Pl4
P21 R22 P23 R24
R P2 RH® p¥ | (18)
P41 R42 P43 R44

Ri1 =

where R¥ is a second-rank true tensor and P¥ a second-rank pseudo-tensor. Hence,
17
R{j’ = Otuéij +p eiej, P{f = V”ngkek> (19)
where the coefficients /", and (I,J = 1,2.3,4) are constants depending upon r,r» and H.

Upon post-multiplying R™' by Y it follows from Eqgs. (16), (18) and (19) that the
translational and rotational slip velocities of the spheres, respectively, possess the general forms

2
~1 ~ IK
Vievi=FyEu+ ) @Sk, (20a)

1 1
K=1
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Qf - of = Ty + iq’lfzsﬁ (20b)
K=1
in which
&511,1; = C?);K(éi,ek + 5ik€_j) + &);Keie_/ek, 'i’,llk = @IK(siﬂe;ek + &iprere;), (21a)
F 11/1’:/ =/ iléifé’d +-f{95iiekel +./71c5kl€i€j +/f '5) (Oweses + Suejex) +f fsez‘e_/eke/, (21b)
Tijkl =1 ;(gijkel + &jier) + ;égl'jmemékl + ;égljmemekel. )

Lower case symbols appearing beneath the tildes in the above equations are constants (not
equal to the constants in Eq. (16)), depending only upon ri,r, and H. Egs. (20) and (21)
constitute general expressions for the motions of the two spheres moving through quadratic
flow fields. Obviously, use of Eq. (2¢) makes it possible to rewrite Eq. (20) such that the final
expression for the slip velocity vector depends only upon a shear rate evaluated at a single
arbitrary point O rather than upon the respective pair of local shear rates at the centers of the
two spheres. The representation given in Eq. (20) is preferable, since it does not distinguish
between the centers of the two particles. All of the coefficients appearing in Eq. (21) can be
directly calculated from the grand resistance matrix R and generalized flow vector Y.

Upon applying the method-of-reflections-derived expressions for the grand resistance matrix
and the generalized flow vector from Appendix D, the translational slip velocity of sphere 1 is
found to be

¢ _ o _ Lap. ¢23<5A. D el — S heet See RO )
\Y V=3 {Ed+ 138 192E.I—|-32ee.E 64E.ee+64ee E:I 64eeee.E
(22)
5, 9 A 1, A
+§r28§(1 — 1—66182>eee:S(2) + 1—6r283e . S(z) + 0(6),
where

e =r1/H, & =1/H,

and in which the symbol O(N) denotes an error of O(¢g]ey'771), where n +m + p + q = N. Here
and henceforth, all careted symbols are dimensionless. Velocities and lengths are respectively
scaled with respect to a characteristic velocity ¥ and characteristic length R, of the quadratic
flow. Thus,

S:SR()/V(), E:ER%/V(), flzrl/Ro, ngVZ/R().

To avoid possible confusion between superscripts denoting both exponential powers and
particle number labeling, parentheses were added to the latter superscripts in Eq. (22). An
expression comparable to Eq. (22) may be written down for the velocity of sphere 2 upon
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interchanging all 1 and 2 superscripts and subscripts while replacing e by —e, where e denotes
a unit vector pointing from the center of particle 1 to the center of particle 2.

Schonberg et al. (1986) addressed the more limited two-dimensional case of a two-sphere
system in a plane Poiseuille flow. He obtained an O(3) solution that is identical to the
penultimate term of Eq. (22). Note that although FX and T'X are each only of O(4), this
limited accuracy nevertheless suffices in order to obtain O(6) results for the particle velocities
after inversion of the grand resistance matrix (albeit only for neutrally-buoyant particles).

The RHS of Eq. (22) determines the slip velocity of particle 1 relative to the undisturbed
velocity v\, The mean velocity Vg of the ‘center of gravity’ (i.e., center of volume) of the
two-body system in the case of two identical spheres is

~ l{a  £@ L. N 1 oa
Vg = —(V +V ) = —(V(l) +V(2)) + PRI
2 2 3
5 A 5 A 3 4 5 ~ 35 A
A2 3
—EI+ —eeE — —E: —ee-EI-— : 23
+rs<192EI+32eeE 64Eee—i—64ee E1 64eeeeE) (23)
5. 9 A A 1. A A
+E}’82(1 - E&)eee: (S(2> — S(l)) + §r84e~ (S(Z) — S(l)> + 0(6).

In effect, the latter equation furnishes the instantaneous velocity of the midpoint of the line
segment joining the sphere centers. For particles of equal size and density this velocity can be
viewed as the center-of-mass velocity of the system. Obviously, the lateral migration velocity
vanishes for a monodisperse suspension immersed in a simple shear flow, for which
circumstances r = r; = 1,6 =& = 6,8 = S?, and E = 0. However, in quadratic flows, E is
nonzero and SV £ 8@ . Hence, in general, instantaneous lateral migration across the undisturbed
streamlines exists for two spheres freely suspended in a quadratic flow. Subsequently, we will
show that this instantaneous migration is, in fact, permanent in time for a two-sphere system
immersed in an axisymmetric Poiseuille flow.

The last two terms in Eq. (23) could have been rewritten exclusively in terms of E and e by
using Eq. (2¢). However, we prefer to retain Eq. (23) in its present form, since it provides
better physical insight into the source of the penultimate term in Eq. (23), and — as discussed
in the next section — the latter contribution proves to be most significant.

3.2.2. Two spheres freely suspended in an axisymmetric Poiseuille flow

Consider a system consisting of two neutrally-buoyant spheres suspended in an unbounded
Poiseuille flow. Introduce a circular cylindrical coordinate system (R,¢,z) whose origin lies
along the tube’s axis of symmetry, and define the corresponding set of unit vectors (ig,iy.,i-).
The dimensionless velocity field, shear rate, and shear-rate gradient are, respectively,

A2 ~ ~ N
9 = (1 = B)i., § = —R(igi. +1ig), E = —i.(I—i.i). (24)
Here, the centerline velocity V,, was used to scale velocities, whereas the radius R, (where the

local fluid velocity is zero) was used to scale lengths. With the centers of the spheres
respectively located at (Ry,¢,,z1) and (R»,¢,,22), and with ig, and ig, denoting the respective
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unit radial vectors pointing towards the particle centers, we have that

A (1)

§Y = “Ri(ini. +icig,). 87

= —Ry(ip,i: + i-ig, ). (25)

Interest focuses on the radial migration, if any, of the two-body system. In this context we note
that the radial component of the center-of-gravity velocity is given by

R Ve - (leiRl + ézim)
VReo = - , (26)
Rcg
where
R 0 . 1,2
Reg = [R2 + Rl + 2RI R COS(d)z — (]51)] . (27)

Substitution of Egs. (24)—(26) into Eq. (23) yields

~ (i,-e)| 5. 9 A2 2 A2, 2 1 42 A2
VRes = R grsz 1— Egz [Rz(lR2 -e) —R|(ig, - €) ]—I— ﬁrs“(Rz - Rl)

_ gﬁg[l + %(iz .e)z} [1%1 (ix, - €) + Rofir. - e)] i 0(6)}' ~

Obviously, Eq. (28) must remain unaltered if suffices 1 and 2 are interchanged (in which case e
must also be replaced by —e). Now,

_ Roig, — Ryig, +1.(5 — Z1)

= 29

e N (29)
Hence,
[+ R — 2R Ry cos(y — ¢) ]

A ~ ~ A - 1482 -

R (in, - €~ R in, - e)’= (& - &)L~ =R T UL (30a)
4H
(i)

Ri(ir, - €) + R (ix, - €) = # (30b)

where 2H is the dimensionless center-to-center distance between spheres, namely
A A2 ) nA A . .2 1/2
2H = [R2+Rl —2RR, COS((ﬁl —(]52)+(22—Zl) ] . (31)

Substitution of Egs. (29) and (30) into Eq. (28) further simplifies the expression for the radial
velocity, yielding
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) ) PN
A R [R 4+ R, — 2R\ R, cos(¢p; — ¢ ]
Vi = —(Ro— R) 22— 21) ifgz(l ) 82) 2 R 7 2R cosldy = )

64 16 I Reg
1 1 1 H—5) | 1
B F A Afl) . (32)
64 HRcg 256 12 g H Reg

4. Conclusions

Several important conclusions may be drawn from Eq. (32). The expression in curly
parentheses is always positive. As such, the direction of lateral migration will be determined by
the relative radial and axial locations of the spheres, but not by their relative circumferential
location. The latter polar angle difference affects only the magnitude of the radial velocity. It is
also clear from Eq. (32) that the magnitude and direction of the radial velocity is indifferent
to particle numbering. For the special case of two spheres located at equal radial distances
(Rh — Ry =0,z —z1 #0) no radial migration is predicted. However, in the case where
zp—z1#0 and ¢, — ¢, =1 (corresponding to two particles placed on either side of the
centerline with one situated ahead of the other), Rcg vanishes. As a result, both the numerator
and denominator of Eq. (32) vanish. In this limit, radial migration exists in a direction away
from the centerline, where the leading particle migrates towards the centerline whereas the
trailing particle moves away from the centerline. (This fact can be deduced simply from Eq.
(22).) This result was also obtained by Schonberg et al. (1986) for the case of a two-particle
system suspended in a plane Poiseuille flow. The case of particles located at equal axial
positions (z; —z; =0) is much less important, since particles occupying different radial
positions will experience different axial velocities and, hence, will soon thereafter acquire
different axial positions.

Consider two generic cases:

(A) Particle 1 is located closer to the flow symmetry axis (R;<Rj), and is axially leading
particle 2 (z1 > z);

(B) Particle 1 is located closer to the flow symmetry axis (R;<R;) and is axially trailing
particle 2 (z1<zy).

In case A, the radial migration is positive and the system tends to migrate away from the
symmetry axis of the flow. Notice that this configuration will persist since particle 1 possesses a
higher axial velocity. Thus, the system moves radially from regions of low shear rates to higher
ones. This result contrasts with the commonly accepted notion that particles always tend to
migrate from regions of high to low shear rate (and consequently that a positive particle-flux
diffusion coefficient can be defined to account for the role of shear-rate gradients in effecting
the transport of non-Brownian particles in concentrated suspensions). Such ‘reverse migration’
was observed experimentally by Shauly et al. (1997), who wrote that “‘particles can migrate
against (emphasis ours) concentration gradients.” We suggest that the mechanism that alters
the migration direction is caused by the shear-rate gradients explored here.
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Superficially, it seems that the foregoing important conclusions are reversed in case B where
the inner particle 1 lags behind particle 2. However, this configuration would last for only a
brief period of time, since the inner particle possesses a higher axial velocity and hence would
soon pass the outer, slower-moving particle. Thus, the configuration of case A will eventually
be recovered, whereupon the circumstances governing that case would, henceforth, govern the
subsequent behavior of the system.

The most significant term in Eq. (32) contributing to the migration behavior, described
above, arises from the difference in shear rates existing at the centers of the spheres (which is
reflected in the penultimate term in Eq. (32)). We suggest without proof that this would also
likely occur for flows of higher order than quadratic, in which case the contention that lateral
migration occurs from low to high shear rate regions would not be restricted to quadratic
flows. The magnitude of this term suggests that the effect is linearly proportional to both the
volumetric particle concentration and to the variation in the undisturbed shear rate occurring
on a length scale corresponding to the distance between sphere centers.

In summary, this paper has addressed the contribution made by the quadratic term
appearing in the undisturbed velocity field to the drag forces and torques exerted on the
individual spheres in a dilute, albeit hydrodynamically interacting, multiparticle system. The
method of reflections was applied (Appendix C) to obtain asymptotic expressions for the drag
forces and torques exerted on each of the spheres in a two-sphere system immersed in a general
quadratic flow in terms of their center-to-center spacing and the orientation of their line-of-
centers relative to the principal axes of the undisturbed shear. Issues of the uniqueness and
symmetry properties of the new intrinsic Stokes resistance coefficients thereby calculated were
analyzed in Appendix B. Results obtained from the general solution were employed to derive
the respective velocities of two neutrally- buoyant spheres freely suspended in unbounded
quadratic flows. The additional drag force arising from the quadratic terms, above and beyond
the contributions arising for /inear shear flows, was shown to cause cross-streamline motion of
the center of gravity of the two-sphere system. The particular case of two identical, freely
suspended, hydrodynamically-interacting spheres in an axisymmetric Poiseuille flow was
deduced from these more general results. It was shown in this case that the center of gravity of
the two-body system migrates laterally from regions of low to high shear rates.
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Appendix A.

The Lorentz reciprocal theorem (Happel and Brenner, 1983) for Stokes flows states for a
given instantaneous geometric configuration of a hydrodynamic system that two different fluid
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fields, say, (v/,p’,z’) and (v”,p”,n"), arising from two different velocity or stress fields prevailing
at the particle surfaces and/or external boundaries, satisfy the following integral condition over
the boundaries:

J vin!n,ds = J v/min, dS, (A1)
9 as

L°m 124

where (v,p,m) are the respective velocity, pressure, and stress fields, n is a unit normal vector,
and 95 connotes all the internal or external boundaries of the fluid.

Denote by (v/,p’,n’) the trio of fields generated by the translational motion V! of particle 7
suspended in an otherwise quiescent flow field (i.e., an undisturbed velocity field which vanishes
at infinity) and where simultancously all the other particles are at rest. Explicitly, this trio of
fields is of the form (U [7,Q0/",IT;)V' !, where the dyadic velocity field U} satisfies boundary
conditions (11a). In addltlon denote by (v",p",x") the trio of fields generated by the action of
a homogeneous shear-rate gradient E over particle J with all the particles at rest; explicitly, this
latter trio of fields is of the form (UZ/ ikl ]i{,ﬂmjk,) k1, where the tetradic velocity field UZ/ ikl
satisfies boundary conditions (11d), w1th J replacing 1. Since V! and E are position-
independent, arbitrary tensors, introduction of these velocity and stress fields into Eq. (A1)
yields

J U V[Hmklmn” ds = J Ugc.;)nniZjnfl ds (A2)
2987 z98!

for any 1,J = 1,2,...,N.Substitution of boundary conditions (11a), (11d) into Eq. (A2) yields
- J myy,n, dS = J X yln, dS. (A3)
387 aS'

However, the LHS of Eq. (A3) is equal to the drag resistance tensor F%/ Tl defined in Eq. (15).
Hence,

nkjTtn ds. (A4)

F _]{/‘C]ll‘)’l = J JH fl

ENG
Thus, the drag coefficient arising from the quadratic portion of the undisturbed flow can easily
be obtained from knowledge of the triadic stress field anj by an elementary quadrature.
Determination of the latter stress field requires solving a very much simpler boundary-value
problem than would otherwise appear necessary, had one actually to solve the original
quadratic field problem to obtain the stress field ITZX, seemingly required by Eq. (15) to

nijkl
compute the tensor F/J, via the defining formula

K
Fl_'jk/ - J& m/k!n” ds.

Explicitly, modulo the quadrature required in Eq. (A4), to calculate F one need only to solve
the ‘elementary’ boundary-value problem arising from the translational motion of a single
particle in the multiparticle system in an otherwise quiescent fluid within which all the other
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particles remain at rest. Analogously,

T/klm = J lean/n” ds. (AS)
3s7

A similar approach requiring explicit knowledge only of the field generated by the roration of

the particle of interest in a fluid (where all other particles as well as the fluid at infinity are at

rest) can be utilized to obtain T in Eq. (AS). In this manner, all the resistance tensors defined

generically in Eq. (15) can be calculated.

Appendix B.

The Stokes resistance tensors defined in Eq. (15) satisfy an array of symmetry-related
properties, most of which can easily be obtained by a simple application of the Lorentz
reciprocal theorem. Resistance tensors for translational motions, rotational motions, and
homogeneous shear flows have systematically been investigated in the past, to the extent that
those tensors describing these classes of motion may be regarded as known for all possible
combinations of sphere sizes and separation distances. Accordingly, we shall recapitulate only
those properties pertinent to our analysis. Uniqueness and symmetry (both kinetic and
geometric) properties of the resistance tensors F and T for the shear-rate gradient case are also
briefly discussed in what follows.

The following kinetic symmetry relations apply to the grand resistance matrix R:

KIJ K}IIIa DIJ C]Jll, LIJ LJI. (B 1)

Due to the symmetry of the shear-rate tensor we also have that

qsl]k @ 'Pz]k quk] (Bz)

ikj>
Symmetry of the triadic E with respect to its second and third tensor indices results in the
following symmetry properties of F and T:

Fykl szlk’ Tykl T} (B3)

ijlk*
From the divergence-free condition Ej; = 0 imposed by fluid incompressibility upon E, we find
that the tensor F L il is unique only up to an additive fourth-rank tensor of the form Aoy,
where A4;; is an arbltrary second-rank tensor. A similar property exists for T. Thus, F l’}‘il—i—

Aoy and T]k,—I—Bllék constitute equally valid representations of the respective resistance
tensors. The drag force and torque exerted on a particle are independent of the respective
choices of the arbitrary tensors A and B.

Appendix C.

Consider two spherical particles of respective radii r; and r, whose centers are separated by
a distance 2H, and which are suspended in a fluid of viscosity u. The velocity and pressure
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fields (u,uq) are governed by Stokes equations. The velocity field satisfies the following
conditions over the particles boundaries (see Eq. (11d)):

—Ejix; as!,
= { s on b 1

where x is measured from the center of sphere 1.
The general solutions for the velocity, pressure, and stress fields (see Egs. (9a)-(9c¢)) are,
respectively, of the forms

ui = UjaEjrt, 9 = QiEjrt,  Ttwi = i Ej. (C2)

Here, the superscript E1 has been suppressed from the tensorial field symbols in order to
simplify the appearance of the expressions which follow. From Egs. (C1) and (C2),

-5 1
0;ix;xr on 38 ,} (C3)

Uipt = { 0 on 9S2.

The fields (U, Q, II) may be obtained by using the method of reflections (Happel and Brenner,
1983):

Uit = UGy + UD + UG, + - (Cda)

Qi = 04) + Q% +0%) + -+, (C4b)
(1) ) (3)

H”UH Hm/k/ + Hm/k/ + Hmjkl +o (C4C)

where fields with odd-numbered superscripts satisfy the requisite conditions imposed at the
boundary of particle 1 (but not those at the boundary of particle 2), whereas fields with even-
numbered superscripts satisfy the boundary conditions on the surface of particle 2, but not 1.
Explicitly,

Uﬁ.}k), = —0;X(X; on aS!, (C5a)
UGy =-U, on 35, (C5b)
U =-U% on 35 etc (C5¢)
ijkl = ijkl ,Cte.
The solution for the first reflection is easily found to be
1 2 1
Vi == = ) H G = eri (P = ) H P ow — SriH D05 — 3rioyouH ), (C6a)

(1) 7 (3) 1 3 (1)
Py =—3 nH R — 5rouH Y, (Céb)
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where

-1D"9 9 a (1 1
H(n) :( ) (_>’ H(O):—, (C7)

182 n!  9x; 9x,, ax; \r r

in which r = |x|. An explicit expression for the first reflection is

1 35 5 1
ugl) - —§r?(r2 — 1) |:’9 XXX X Ejg — 7 = (XX Ejk + 2X 1% Ejri + XX 1 i) + Ewi|

+ [1;’3(r2 rl)(3);2x, — 5l,>5k1 1V5<3X;/xk —5k1)5 31l’ 51/5kl:| ikl (C8a)

3

7 5 1 1 X;
q(l) — { — er [ﬂx_,-xkxl — ﬁ(xjékl + X0 + Xkéjl)] — 5}’%5/(173] }Eikl' (C8b)

The drag force and torque exerted on particle 1 due to reflection 1 can easily be calculated as
(see Happel and Brenner, 1983)

1 1
—f B —ompd gy, — D =, (C9)
K I

In lieu of calculating the second reflection, we use Faxen’s laws to calculate the drag force
and torque exerted on particle 2 induced by the first reflection:

fZE(z) = 67'5/”2 [u(l)]x:ZHe'i'n,“r% [vq(l)]x:ZHe’ (Cloa)

EQ) _ 4nur3[v x 0] e (C10b)

Substitution of Eq. (C8) into Egs. (C10a) gives

1 3
—;f lgE(z) — m’zi’% { Zgl (5ij + eiej)észjkl

7 35 5 3 1
—68T[<ankke; e /klel€]€k>€i+32 iki€jek — 64Eijk€jek+ 64E’U] (C11)

1
+ 0(8?)} + 167‘672[8?( ikk — 3E]kke e]) + 0(81)]

The third reflection need not be calculated explicitly if the drag force and torque exerted on
particle 1 are to be calculated only to terms of O(5). Indeed, the field u® can be determined to
the requisite order of accuracy via the force obtained in Eq. (C11). We may view this force as
the strength of the Stokeslet inducing the velocity field:
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2),.2)
1 X;X;
uEZ) _ szE(z){él_j + }’ (C12)

8mpi [T

where the radius vector r'® is measured from the center of particle 2. The RHS of Eq. (C11)
can be rewritten as F yszJkl Thus, the drag coefficient F2} ik pertaining to particle 2 due to a
quadratic flow boundary condition over particle 1 can be identified. The result of the
calculation appears in Appendix D.

Again using Faxen’s laws, the drag force and torque induced by u® on particle 1 are,

respectively, found to be

£150) = 6mpr [u? ] oyt mur} (Ve o s (C13a)

t'53) = drur [V x u(Z)]X(z):,zHe. (C13b)

Upon substituting Eq. (C12) into Eq. (C13a) we obtain

1 9
~ ) = 2mzrl[ (85 + 3ese)) By + 0(4)]. (C14)

Adding the contributions of Egs. (C9) and (C14) yields the total drag force exerted on particle
1. Upon rewriting the sum in the form F }j}dE,»k/, it is easy to identify that portion of the drag
coefficient pertaining to particle 1 arising from the quadratic flow boundary condition on
particle 1. The result appears in Appendix D.

Similarly, the torque coefficients T 1}d and T2 iy are derived using Egs. (C10b) and (C13Db).
They too appear in Appendix D. The terms F- i F i T and T2, are simply obtained by
interchanging ¢; with & and r; with r,.

Appendix D.

Write ¢, = ri/H and & = r,/H, where r; and r, are the respective sphere radii, 2H is the
distance between the sphere centers, and ¢; is the unit vector directed from the center of sphere
ny n

1 to the center of sphere 2. Denote by the symbol O(N) in what follows an error of O(e]'e;
where n; 4+ n, = N. The drag resistance tensors of the two-sphere system are then given by

3 27
8182(5,_7 + Be,-e_,-) + 648182< — 28% + 288 + 38%)6,{,{,

9
Kllll = 67r; |:54'/' + 674

3 , 27
+ gt (81 + he + 382)(5 — eiej) + 0(6):|
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9 3 27
K12/2 = 67r; |:5,:,- + 6—48182((517 + 38,‘6,‘) + 6—48182( — 2?% + 78182 + 38%)61‘6’]‘

3 , 27
+ —=séie2| & + o5

2
18 328182 + 381) (51‘]' — €,‘€j) + 0(6)j|,

9 ) 27 ) 27
Kl!jz =™ |:82(54'j + €i€_j) - é(S% - a8 + 8§>€iej + 1—22<8% + Tei1e + 8%)(5,] — e,-ej)
+ O(S)},

21 12.
K} =K

3
Lz'ljl = 87'57'% |:5,j + 6—4828? (51] — eiej) + 0(6):|’

3

L}jZ = 0.5713}’:1; [8;(5;7 — €,‘€_,‘) + 0(5)]9

21 _ gpl2.
L' =L

9
C}jl = D}il = —ETCHVQ[S%&]'[G] + 0(5)],

9
C12]2 = D]212 = —{—En}’lrz[{igﬁiﬂﬂ + 0(5)],

3
C}jz = Djzll = +§7'Cr1}’2[8%8,_'//€[ + 0(4)],

3
C12/1 = D}iz = —57'6}‘11’2[8%8,_'1161 + 0(4)]7

9 5 1
(Dll]llc = —anlrz[zg?eiejek + ﬁb? (5ijek + 5ik€j) + 0(7):|9
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9 5 1
@?]i = +an1rz[48§e ejex + o= 3552 (5uek + diej) + O(7)i|

1
(Pllji = 67‘[1’1}’2 gsﬁeiejek + 583(5,}‘61{ + 5ikej) + 0(6):|,
21 5, 1 4
Dy = +67r112 gsle,-ejek + 3—281 (5ijek + 5,-ke/-) +0(6) |;
pll — 3 = 86 giieier + eee; +0(8)]
ik = o1 121(Ullk iki€i€;) ,
3
ﬁ = 64nr§r1 ag(siﬂe;ek + &ikeref) + 0(8)],
5
T,ﬁ = 47rr? [sg(s,ﬂe/ek + &irieref) + 0(5)],

5
'Pyk =™ 3 [‘5?(61']'1@1@ + eirrere)) + 0(5)];
9
Flljilnn = _27”’?{ |:511 + 4‘01?2(51/ + 3e el)]5mn + 0(4) },

9
Fiom = —27W3{ |:5ij + qeea(dy + 3€i€.f)]5mn + 0(4) }

3 105 21 15 1
Flljzm,, = nr%[zm (5,)- + eiej)émn + 818% (3—2e,-ejeme,, — 3—2€,~e]~5mn - 3—25[”ejem - 3_25[mejen
9 3 1 27
+ —5ij€n€m - ﬁél‘fé”?”) + l—f’% (5;‘]‘ — 36’[6,‘)5,1m + —828%(517 + 7eiej)5nm + 0(5)i|,

32 6 256
3 05 21 15 15
Filﬂn = 7'57’? [182(5’] + eiej)émn + €28 ( 32 €;€jemen — ﬁeiejémn - ﬁémejem - ﬁ&imejen
9 3 1 27
+ ﬁéijenem — 325,]5”1”) 168;(5,] — 36,’6’])5 2568182(5,] + 7€l€j)5nm + 0(5)i|

3
Tzljllnn = 16775}’1[ 828,,[8/5,”” + 0(5)]
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3
T'22 = ——67'57"2‘[8%818!'/'[6[517111 + 0(5)],

ijmn 1

1
Tiljim = 57‘[7‘?]’2 [8%8,-]-1615”1” + 0(4)]5

1
Tl?/lnn = ETCV%}’] [S%Siﬂelémn + 0(4)]
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